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In this letter, we report our systematic construction of the lattice Hamiltonian model of topological
orders on open surfaces, with explicit boundary terms. We do this mainly for the Levin-Wen string-
net model. The full Hamiltonian in our approach yields a topologically protected, gapped energy
spectrum, with the corresponding wave functions robust under topology-preserving transformations
of the lattice of the system. We explicitly present the wavefunctions of the ground states and
boundary elementary excitations. We construct the creation and hopping operators of boundary
quasi-particles. We find that given a bulk topological order, the gapped boundary conditions are
classified by Frobenius algebras in its input data. Emergent topological properties of the ground
states and boundary excitations are characterized by (bi-) modules over Frobenius algebras.
PACS numbers: 71.10.-w, 05.30.Pr, 71.10.Hf, 02.20.Uw
Introduction. Matter phases with intrinsic topolog-
ical orders (ITO) not only extend our understanding
of phases of matter far beyond the Landau-Ginzburg
paradigm1,2 but also may support robust quantum
memories3 and topological quantum computation4–7.
Most studies of the dynamical theories of 2d ITO have
been unfortunately limited to closed surfaces (except Ref.
[8–10] for the Kitaev model). On the one hand, closed
surface materials are hardly realizable in experiments.
This situation hinders the realistic applicability of ITO.
On the other hand, a bulk Hamiltonian theory is in-
complete for a system on open surfaces, if its bound-
ary conditions are not specified. In this letter, we re-
port our explicit and systematic construction of a wide
class of boundary Hamiltonians for string-net models, to
specify the boundary conditions and to be added to the
bulk Levin-Wen bulk Hamiltonian11. We present explicit
ground-state wavefunctions and construct creation and
hopping operators of boundary excitations in our new
approach. (We have also systematically constructed the
boundary Hamiltonian of the twisted quantum double
model12 of ITO, which is to be reported elsewhere.)
We shall make heavy use of the graphic techniques,
of which details can be found in original references11,13.
With the graphic rules, a graph equality can be unam-
biguously turned into usual algebraic equations involving
tensors. Our notations follow the conventions in [13].
Preliminaries. Non-chiral bulk intrinsic topologi-
cal phases in (2+1)-D can be studied by effective dis-
crete topological quantum field theories, such as the LW
model, an exactly solvable Hamiltonian model defined on
2d spatial trivalent graphs. The LWmodel is essentially a
discrete gauge theory, defined using a unitary fusion cat-
egory (UFC) C, e.g. the collection of all representations
of a finite or quantum group, as input data (see, e.g.,
Ref.14). For simplicity, we assume C is multiplicity free.
The Hamiltonian is defined in terms of the 6j-symbols
over C. The topological properties of the LW model, such
as the ground state degeneracy (GSD) and the topolog-
ical quantum numbers of the quasi-particle excitations
are ensured by their invariance under the change of Γ by
the Pachner moves. There are three elementary Pach-
ner moves, associated with which are respectively three
unitary linear maps13 in the ground-state subspace :
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where ji’s are inequivalent simple objects (usually called
string-types) of C, G’s are the symmetric 6j-symbols13
over C with normalization vj = 1/Gj
∗j0
00j , and D =
∑
j v
4
j .
These operators yield a unique transformation between
the Hilbert spaces before and after the Pachner moves.
We shall denote the unique transformation by T , which
is independent of the path of Pachner moves involved.
Frobenius algebra and boundary Hamiltonian.
We propose to use the Frobenius algebras in a UFC
to specify boundary conditions and construct boundary
terms to be added to the LW Hamiltonian. Let G be
a symmetric 6j-symbol over the string-type set L, the
set of all (inequivalent) simple objects of C. A Frobenius
algebra A (in C) is a subset LA of L equipped with a
multiplication fabc∗ , satisfying
(associativity)
∑
c
fabc∗fcde∗G
abc∗
de∗gvcvg,= fage∗fbdg∗ ,
(non-degeneracy) fbb∗0 6= 0, ∀b ∈ LA, (2)
2where all indices take values in LA. Due to the symmetry
conditions of the symmetric 6j-symbols13, the multipli-
cation have the following defining properties.
(unit) fbb∗0 = fb0b∗ = f0bb∗ = 1,
(cyclic) fabc = fcab,
(strong)
∑
ab
fabcfc∗b∗a∗vavb = dAvc, (3)
where dA =
∑
a∈LA da is the quantum dimension of A.
We can express the associative and strong conditions
in a compact way graphically:
T
(∣∣∣∣∣ ba ed
〉)
=
∣∣∣∣∣ a eb d
〉
(4)
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c
c
〉)
=
∣∣∣∣∣ c
〉
, (5)
Here each vertex carries a multiplication, and an unla-
beled thick line implies a summation over its label in LA.
We take this convention in graphical equations through-
out the letter.
For simplicity, let us consider a system on an open sur-
face, outside of which is the vacuum. To each boundary
(component) A, we associate a Frobenius algebra LA, and
attach an open edge (or a tail), labeled by a string-type
a ∈ LA, from the vacuum side to each boundary edge.
See Fig. 1(a), in which the grey region represents the
bulk of the graph, including the edges along the rim of
the grey region. Throughout the paper, we shall adopt
this convention.
Similar to transformations (1), we can use the Frobe-
nius algebra A to define unitary transformations asso-
ciated with 1D Pachner moves on the boundaries of a
graph: (with ua =
√
va)
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FIG. 1: (a) Boundary is a wall carrying open edges a’s. Bulk
edges are the j’s. The bulk edges are not open edges, and
they appear so because we neglected the rest of the bulk.
(b) When no quasiparticle exists in bulk, a cylindrical system
can be effecitvely described by a circular wall with all bulk
plaquettes eliminated by Pachner moves.
N1 N2
edges edges
FIG. 2: Sketch of proving the uniqueness of the transforma-
tion associated with boundary Pachner moves.
where ua =
√
va (sign of square root may be arbitrarily
chosen but if fixed once then for all).
With the boundaries, the topological feature of the
entire model is described as follows. The ground-state
Hilbert space is invariant under any transformation com-
posed of T2→2, T1→3, T3→1 in the bulk and T1→2, T2→1
on the boundary. Associativity ensures that a product
of such transformations is unique. We shall show the
uniqueness for boundary Pachner moves T1→2, T2→1, as
that for bulk Pachner moves shown in Ref.13.
Without loss of generality, consider the transformation
from N1 open edges to N2 open edges (See Fig. 2). The
composition of T1→2 and T2→1 amounts a graph structure
with N1 input edges and N2 output edges, where each
trivalent vertex is attached with a multiplication. From
the associativity condition, the transformation presented
by the graph in the dashed box is unique.
In ground states, the boundary degrees of freedom are
restricted to LA. The boundary Hamiltonian reads
Hbdry = −
∑
n
Qn −
∑
p
Bp, Bp =
1
dA
∑
t∈LA
vtB
t
p. (7)
Here, Qn is a boundary edge operator acting on open
3edge n, which projects the boundary d.o.f. to LA ⊆ L:
Qn
∣∣∣∣∣ anj1
j2
〉
= δan∈LA
∣∣∣∣∣ anj1
j2
〉
. (8)
And B
t
p acts on a boundary open plaquette between a
pair of nearest neighboring open edges:
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Following the same convention as in eq. (5), We can
write Bp in a more compact fashion as
Bp
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(10)
The marked (×) plaquette will be annihilated by the
boundary Pachner moves to generate the coefficients in
Eq. (9).
Boundary terms Qv and Bp are shown to be pro-
jections commuting with bulk terms Qv′ , Bp′ and other
boundary terms Qv′′ , Bp′′ . Correspondence properties
between bulk and boundary operators are summarized
in Table. I.
Bulk Boundary
Bp=△ = T1→3 · T3→1 Bp = T1→2 · T2→1
Bp =
1
D
∑
s
dsB
s
p Bp =
1
dA
∑
a
vaB
a
p
BrpB
s
p =
∑
t δrst∗B
t
p B
a
pB
b
p =
∑
c δabc∗B
c
p
TABLE I: Correspondence between Bulk and boundary oper-
ators
Ground states. A (right) module over Frobenius al-
gebra A is a tensor ρaj1j2 , with a ∈ LA and j1, j2 ∈ L,
satisfying
T2→2
∣∣∣∣∣
j1
j2
a1
a2
ρ
ρ
〉
=
∣∣∣∣∣
j1
j2
a1
a2
ρ
〉
(11)
Here a box ρ at a vertex means that the tensor ρ is asso-
ciated with the vertex (e.g., ρcj1j2 on RHS, with a sum-
mation over c). We denote all modules over A by ModA.
ModA
ModA
ModB
ModC
ModD
FIG. 3: A surface with multiple disconnected boundaries. An
A-boundary has a ModA ground state basis.
The local ground states on a boundary component A
is characterized by ModA. See Fig. 3. The basis (for
M ∈ModA) is given by
|ΦM 〉 =
∣∣∣∣∣
ρM
ρM
ρM
ρM
〉
. (12)
Nevertheless, ΦM may not belong to a ground state of the
entire system. The global constraint for no quasiparticle
in the bulk may mix local basis on different boundary
components. In the following, without loss of generality,
we consider the cases on a disk and a cylinder, respec-
tively, with no quasiparticles in the bulk.
On a disk, we can apply the T transformation to shrink
the bulk graph to a single plaquette, bounded by a circle
with outward open edges, as in the equation below. The
ground state is non-degenerate and expressed by
|Φ〉 =
∑
M
dM |ΦM 〉 (13)
ΦM

 aN
a1
a2
a3
l1
l2
l3

 = ua1ua2 . . . [ρM ]a1l1l2 [ρM ]a2l2l3 . . .
(14)
A cylinder with A- and B-boundaries can be effectively
studied on a circular wall (see Fig. 1(b)). The ground
states may be degenerate. The ground state degeneracy
(GSD) in terms of f and G is explicitly computed by
GSD =
1
d2A
∑
st
vsvt
∑
ii′jj′
didjdi′dj′
×
∑
aa′bb′
vavbva′vb′fs∗a′∗afa′sa∗gt∗b′∗bgb′tb∗
×Gj∗ib∗t∗b′∗j′Gi
∗a∗j
j′b′∗i′G
j′bi′∗
b′∗i∗tG
s∗a′∗a
j′i′∗i G
s∗ii′∗
b∗j′∗jG
aij∗
j′∗s∗a′∗ (15)
4The global constraint on the ModA and ModB basis
leads to a (slightly generalized) (A,B)-bimodule struc-
ture P satisfying
T
(∣∣∣∣∣
b2
j1
j2
a1
a2b1
P
P
〉)
=
∣∣∣∣∣
j1
j2
a1
a2
b1
b2
P
〉
(16)
for j1, j2 ∈ L,a ∈ LA, and b, c ∈ LB. Note that a box P
is not a 4-valent vertex but a composition of two trivalent
vertices (in general, two trivalent vertices may carry extra
indices). We denote The collection of all (AB-bimodules
by ModA|B. GSD equals the total number of (A,B)-
bimodules. The ground state basis is similarly expressed
as in eq. (14), with ρ replaced by P .
Boundary Excitations. The elementary boundary
excitations are characterized by topological quasiparti-
cles. On anA-boundary component, quasiparticle species
are identified with the (A,A)-bimodules. We construct a
creation operator WM to create a pair of quasiparticles:
WM
∣∣∣∣∣
a1
a2
a3
a4
a5
〉
= T
(
1
dA
∣∣∣∣∣ PM
a1
a2
a3
a4
a5
〉)
. (17)
for M ∈ ModA|A. In this example, the operator WM
creates an M -type and M∗-type quasiparticles on both
neighboring open edges of the middle open edge. By
acting creation operators on ground states, we get an
elementary boundary excitation basis WM |Φ〉.
Quasiparticles can move along the boundary under the
hopping operator HM defined by
HM
∣∣∣∣∣
j
a
〉
= T
(∣∣∣∣∣ PM
j
a 〉)
. (18)
that hops anM -type quasiparticle initially at the bottom
open edge upward across the edge.
An example. Consider the input data for Fibonacci
model has Label set L = {0, 2}, sometimes denoted by
{1, τ}. Let φ = 1+
√
5
2
be the golden ratio. The quantum
dimensions are d0 = 1 and d2 = φ. The fusion rules
are δ000 = δ022 = δ222 = 1, δ002 = 0. and the nonzero
independent 6j-symbols G are given by
G000000 = 1, G
022
022 = G
022
222 = 1/φ,
G000222 = 1/
√
φ,G222222 = −1/φ2. (19)
There are two Frobenius algebras: A1 = 0, or A2 =
0 ⊕ 2. Each j ∈ L is an A1−module, with action
[ρj ]
0
jj = 1. For A2, LA = {0, 2}, and f222 = φ−3/4.
The Frobenius algebra A2 has two modules: (1) M0 is
A2 itself, with [ρM0 ]
a
jk = fak∗j ; (2). M1 = 2, with
[ρM1 ]
2
22 = −φ1/4. The two Frobenius algebras A1 and
A2 give rise to equivalent boundary conditions. They
both lead to two boundary quasiparticles species and
GSD = 2 on cylinder.
Discussion. Here we first elaborate on our motiva-
tions. Gapping conditions and GSD of Abelian ITOs on
open surfaces have recently been understood15–24. For
non-Abelian ITOs on open surfaces, the gapping con-
ditions and GSD counting have recently been solved
by the mechanism of anyon condensation25,26 and by
solving certain algebraic equations27. These studies of
ITOs on open surfaces are however algebraic and non-
dynamical, which limits their applicability, because they
lack a Hamiltonian with explicit boundary terms.
On the other hand, the ground states of an ITO can
be effectively described by a continuum Chern-Simons
gauge theory. A Chern-Simons theory on an open sur-
face must contain a boundary term28, otherwise the bulk
Chern-Simons action is not gauge invariant in the pres-
ence of spatial boundary. This fact is usually interpreted
as the holographic correspondence between the bulk and
the boundary. Such holography exists generally in ITOs
in two spatial dimensions. Dynamical theories of topolog-
ical orders are nevertheless usually formulated using dis-
crete Hamiltonian models. It is thus desirable to demon-
strate how the holographic principle works in discrete
dynamical models for 2d ITOs.
Our approach has the following advantages over the
existing approaches to gapped ITOs on open surfaces.
First, our approach depends on the input data of the
model, respecting the usual Hamiltonian dynamics. Sec-
ond, our boundary Hamiltonians, together with the in-
put data, automatically classifies the gapped boundaries
and domain walls of ITOs. Third, by solving the total
Hamiltonian, we can obtain the explicit wave functions
of the ground and excited states, all in the form of tensor
network states. This will provide us a very detailed dy-
namic understanding of the stationary topological states
of the whole bounded system, especially about what is
happening on and near the boundary. For example, our
model will enable us to study the boundary excitations
explicitly. Also anyon condensation will be understood
at more microscopic scales. These studies will be re-
ported later separately. Moreover, certain Abelian29 and
non-Abelian ITOs30,31 on the torus have recently been
experimentally simulated on physical systems by impos-
ing periodic boundary conditions. Our approach would
make experimental simulation of ITOs on open surfaces
possible, and may help construct new quantum comput-
ing codes using the boundary states.
Note added: In preparation of this letter, we noticed a
very recent work32 by Wang, Wen and Witten that con-
structed the gapped interfaces between symmetry pro-
tected topological and symmetry enriched topological
states for finite groups.
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